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Abstract
For a given positive integer t there are only nitely many graphs with an eigenvalue
 62 f−1; 0g such that the eigenspace of  has codimension t. The graphs for which t65 are
identied. c© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let G be an n-vertex graph with an eigenvalue  of multiplicity k. Thus the cor-
responding eigenspace E() of a (0,1)-adjacency matrix has codimension t, where
t= n− k. A subset X of the vertex set V (G) is called a star set for  in G if jX j= k
and  is not an eigenvalue of G − X . Here G − X is the subgraph of G induced by
X , the complement of X in V (G). Accordingly, the graph G − X is called the star
complement for  corresponding to X . (Such graphs are called -basic subgraphs in
[8], and star sets are called star cells in [6].)
If X is a star set for the non-zero eigenvalue  of G then X is a dominating set
in G [6, Theorem 7:3:1]; moreover if  62 f−1; 0g then X is a location-dominating
set, meaning that the X -neighbourhoods of vertices in X are distinct and non-empty
[6, Corollary 7:3:6]. It follows that if  62 f−1; 0g then jX j<2t ; thus there are only
nitely many graphs which have an eigenspace E() ( 6= −1; 0) with prescribed
codimension t. (As noted in [10], graphs of the form (t−1)K1[Kn−t+1 and (n−t)K1[Kt
demonstrate that −1 and 0 are essential exceptions for , and these values are excluded
from our considerations.) In particular there are only nitely many graphs with a
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prescribed star complement H = G − X corresponding to an eigenvalue  other than
−1 or 0. Determining the graphs which arise in this situation is equivalent to solving
the matrix equation in the following formulation of the Reconstruction Theorem [6,
Theorem 7:4:1] and its converse [6, Theorem 7:4:4]. This result tells us that G is
determined by ; H and the H -neighbourhoods of vertices in X .
Theorem 1.1. Let X be a set of vertices in the graph G and suppose that G has
adjacency matrix
AX BT
B C

;
where AX is the adjacency matrix of the subgraph induced by X. Then X is a star
set for  in G if and only if  is not an eigenvalue of C and
I − AX = BT(I − C)−1B: (1.1)
Here C is the adjacency matrix of H , and for certain C the sparsity of non-trivial
solutions ; AX ; B of Eq. (1.1) makes it possible to characterize the corresponding
graphs G by a star complement (cf. [1,7,9,10]). In the situation that H is specied
only in terms of the parameter t, it is convenient to deal separately with the small
values of t, so that uniform arguments can be applied for the remaining values. In this
paper we identify all the connected graphs with a star complement H of size t65,
for an eigenvalue other than −1 or 0. For reasons given below, the examples which
arise when t64 are readily found from the spectra of connected graphs with up to ve
vertices [4], six vertices [5] and seven vertices [3]. Note that for any value of t>1,
each connected graph with t+1 vertices arises as an example because it has at least one
simple positive eigenvalue, namely its index (the largest eigenvalue) [4, Theorem 0:3].
If a single vertex is deleted from a graph then by the Interlacing Theorem
[4, Theorem 0:19] the multiplicity of an eigenvalue changes by 1 at most. Accord-
ingly, the deletion of any r vertices from X (0<r<k) results in a graph for which 
is an eigenvalue of multiplicity k − r, and in which H remains as a star complement.
Moreover if G is connected then we may take H to be connected [8, p. 251]. It follows
that, for given t, each example G0 with n + 1 vertices (n> t) can be obtained (in at
least one way) from an example G with n vertices by adding a vertex v adjacent to
certain vertices of G.
Inspection of the spectra of graphs with at most seven vertices reveals:
(i) there is no graph on four or fewer vertices with a multiple eigenvalue other
than −1 or 0,
(ii) the only connected graph with ve vertices and a multiple eigenvalue  62 f−1; 0g
is a 5-cycle (with  = 12(−1
p
5) of multiplicity 2),
(iii) the only connected graphs with six vertices and a multiple eigenvalue  62 f−1; 0g
are those shown in Fig. 1 (where the indicated eigenvalue  has multiplicity 2),
(iv) there are 34 connected graphs with seven vertices and a multiple eigenvalue
 62 f−1; 0g; in each case,  has multiplicity 2.
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Fig. 1. Connected 6-vertex graphs having a multiple eigenvalue.
We conclude that if t64 then n6t+2. We assume henceforth that t=5; n> 7; H is
connected and  62 f−1; 0g. We shall see that n610 and that this bound is best possible.
Note that if we write H+u+v for the subgraph of G induced by X [fu; vg (u; v 2 X ),
then each subgraph H + u+ v must be a connected 7-vertex graph with  as a double
eigenvalue.
The eigenvalues other than 12 (−1
p
5), 1 and −2 which occur with multiplicity 2
among the connected graphs with seven vertices are the three (conjugate) roots of
x3 + x2 − 2x − 1 and the three (conjugate) roots of x3 + 2x2 − x − 1. These appear
respectively in the graphs labelled 7-12 and 14-712 in [3]. (Here the number preceding
the hyphen is the number of edges.) Since conjugate eigenvalues always occur with the
same multiplicity, those in question cannot occur with multiplicity 3 in any 8-vertex
graph, and hence not with multiplicity n− 5 in any graph with n vertices, n>8.
The connected 7-vertex graphs with 12 (−1 
p
5) as a double eigenvalue are
the graphs labelled 9-122, 9-216, 11-446, 12-496, 12-588, 12-589, 15-776, 15-800,
16-823 in [3]. Those with 1 as a double eigenvalue are 6-4, 7-16, 7-34, 8-45, 8-95,
9-114, 9-154, 9-191, 10-235, 11-364, 12-542, 12-543; and those with {2 as a dou-
ble eigenvalue are 10-235, 10-333, 11-364, 11-457, 12-516, 12-555, 13-623, 14-728,
14-749,15-782, 15-783, 15-805, 18-845.
In Sections 2, 3 and 4 we describe the methods used to deal with the values
1
2 (−1 
p
5), 1 and −2, respectively. The details may be found in the technical
report [11]. Here we note a simple result which always applies when extending
graphs by one vertex at a time.
Lemma 1.2. Let G0 be the graph obtained from the n-vertex graph G by
adding a vertex v whose G-neighbourhood is . Let b be the characteristic vector
of ; that is; b = (b1; b2; : : : ; bn)T where bi = 1 if i 2 , bi = 0 if i 62 . Then
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m(G0) = 1 + m(G) if and only if b 2 E()? and G0 has a -eigenvector whose
v-component is non-zero.
Proof. Suppose that v is labelled 0 and that S is the vector subspace fx 2 EG0():
x0 = 0g. The adjacency matrix of G0 has the form
AG0 =

0 bT
b AG

and so x 2 S if and only if x =

0
y

where bTy = 0 and y 2 EG(). Thus dim
S6dimEG(). Also, dimEG0()61+dimS. Accordingly m(G0)=1+m(G) if and
only if dimS = dimEG() and S is a proper subspace of EG0(). The result
follows.
In view of Lemma 1.2 (and in the absence of arguments specic to special cases)
we rst nd the possible b 2 E()? and eliminate those which do not arise by one of
three methods:
 using the relation yj=
P
hj yh to show that if (y1; y2; : : : ; yn+1)
T is a -eigenvector
of G0 then its v-component is zero,
 calculating (or estimating) the eigenvalues of G0,
 observing that for some u; v in the putative star set, the graph H + u + v is not in
our list of 7-vertex graphs having  as an eigenvalue of multiplicity 2.
It turns out that there are 19 connected graphs with 8 or more vertices which meet
our requirements. We state our conclusions as follows:
Main Theorem. Let G be a connected graph with at least eight vertices and an
eigenspace E() ( 62 f−1; 0g) of codimension 5. Then one of the following holds:
(a)  = 12(−1
p
5) and G is K4  K1 or K4  K1;
(b)  = 1 and G is a cube; an induced subgraph of K3 + K3; an induced subgraph
of the Petersen graph; or the graph shown in Fig. 2(i);
(c)  = −2 and G is 4K2; L(K2;4); an induced subgraph of K3 + K3; an induced
subgraph of L(K5) or the graph shown in Fig. 2(ii).
Here K4 K1 denotes the corona obtained from K4 by adding a pendant edge at each
vertex; K3+K3 has vertex set f1; 2; 3g2 with (i; j)(i0; j0) if and only if i=i0 and j 6= j0
or i 6= i0 and j = j0. Four dierent graphs arise as induced subgraphs of the Petersen
graph, and the same is true of its complement L(K5). Two graphs arise in each of the
cases  = 1,  = −2 as induced subgraphs of K3 + K3. Note that the complement of
L(K2;4) is the cube and K3 + K3 is self-complementary; but for example, the graph
shown in Fig. 2(i) has a connected complement in which the eigenvalue −2 is not of
multiplicity 3.
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Fig. 2. Two 8-vertex graphs with an eigenvalue  of multiplicity 3.
2. The case  = 12 (−1
p
5)
For each of the nine connected 7-vertex graphs which have 12 (−1 +
p
5) as an
eigenvalue  of multiplicity 2 we identify all the extensions for which codimE()=5.
We write = 12(−1−
p
5). Note rst that if G0 is an 8-vertex extension of the 7-vertex
graph G then by the Interlacing Theorem [4, Theorem 0:10] the eigenvalues of G
interlace those of G0; in particular G has an eigenvalue between  and . It follows
that the graphs 9-122 and 12-496 have no 8-vertex extension and hence no extension
with 8 or more vertices. To deal with the remaining seven possibilities for an initial
graph with 7 vertices we use the following result.
Proposition 2.1. Let G be a graph with 7 vertices and  (=12 (−1 +
p
5)) as an
eigenvalue of multiplicity 2. Let G0 be an extension of G for which codimE() = 5;
and let e be the number of edges in G0. Then the following hold.
(i) G0 has 8 or 9 vertices.
(ii) If G0 has 8 vertices then e is even and the eigenvalues of G0 are (3); (3); ; ;
where = 12(3 +
p
4e − 27) and  = 12(3−
p
4e − 27).
(iii) If G0 has 9 vertices then e = 14.
Proof. (i) There is no extension with more than nine vertices because a 10-vertex
extension would have each of ;  as an eigenvalue of multiplicity 5.
(ii) Let c be the number of triangles in G0. Then the eigenvalues of G0 are (3); (3);
;  where
3( + ) + +  = 0;
3(2 + 2) + 2 + 2 = 2e;
3(3 + 3) + 3 + 3 = 6c:
Since + =−1; 2 + 2 =3 and 3 + 3 =−4, we conclude that +=3; =9− e
and 2c= 3e− 22. It follows that e is even and ;  are the roots of x2 − 3x+ (9− e).
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(iii) In this case the eigenvalues of G0 are (4); (4);  where 4(+ )+ =0. Hence
= 4 and 2e = 4(2 + 2) + 16 = 28.
Let G be one of the 7-vertex graphs which remain to be considered, let G0 be an
extension of G such that G=G0− v, and let b be the characteristic vector of  where
 is the G-neighbourhood of v. We exploit the fact that for any automorphism  of
G of odd order, v is adjacent to u if and only if it is adjacent to (u). To see this,
note that b 2 E()? \E( )?, which, for each of the graphs G under consideration, is
the direct sum of three one-dimensional eigenspaces of G; and that if (y1; y2; : : : ; y7)T
is a vector in such an eigenspace then yi = yj whenever i and j lie in the same orbit
of hi [6, Section 2:5].
For example, if G is of type 15-800, namely the complement of (K3  K1) [ K1,
then G has an automorphism of order 3 with orbit lengths 3, 3, 1. By interlacing,
the eigenvalue  of G0 is at most −1:75252 and so Proposition 2.1(ii) implies that
e 2 f18; 20; 22g, equivalently jj 2 f3; 5; 7g. Since  is a union of orbits, there are just
three candidates for G0. Only one of these has  as an eigenvalue of multiplicity 3,
namely the complement of K4  K1. By part (iii) of Proposition 2.1, this graph cannot
be further extended because it already has 18 edges.
We nd that the graphs of type 11-446, 12-589, 15-776 or 16-823 are not extendable;
a graph of type 12-588 extends only to the graph K4  K1 already encountered; and a
graph of type 9-216 extends only to K4  K1:
3. The case  = 1
Let G be one of the 12 connected 7-vertex graphs having 1 as an eigenvalue of
multiplicity 2. In each case, we rst determine all the 8-vertex extensions G0 of G
with 1 as an eigenvalue of multiplicity 3. We start by nding a basis fx1; x2g for E(1)
and then inspecting the (0; 1)-vectors b 2 E(1)?. Each such b determines a graph G of
the form G+v, and to exclude those G+v which do not meet our requirements, we may
either invoke Lemma 1.2 or nd a vertex w 6= v in G such that G−w is a connected
graph not among the 12 7-vertex graphs under consideration. In some cases, the latter
argument enables many possibilities for b to be eliminated simply by counting edges.
We illustrate this by eliminating all possible b in the case that G is of type 12{542,
with edges 12; 15; 23; 26; 34; 36; 37; 45; 46; 47; 57; 67. Since b=(b1; b2; : : : ; b7)T 2 E(1)?
we have 2b2 + b3 + b6 = 2b5 + b4 + b7 and 2(b1 + b2)= b4 + b7. Let G=G+ v where
deg(v)=d, and take w=1. If b1 = 0 then G− 1 has d+10 edges. Since G− 1 is a
connected graph with seven vertices and 1 as an eigenvalue of multiplicity 2, we have
d62; but there is no vector b of weight 1 or 2 which satises the above equations. If
b1 = 1 then similarly d63 and again there are no possible b 6= 0.
We conclude that the connected 8-vertex graphs with 1 as an eigenvalue of multi-
plicity 3 are those shown in Fig. 3. Here the rst graph is an extension of 6-4, 7-16
and 8-45; the second is an extension of 7-16 and 8-45; the third is an extension of
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Fig. 3. The connected graphs with eight vertices and 1 as an eigenvalue of multiplicity 3.
7-34, 8-45 and 9-154; the fourth is an extension of 9-114; and the fth is an extension
of 10-235 and 11-364.
Any connected graph G with n vertices (n>9) and 1 as an eigenvalue of multiplic-
ity n− 5 is an extension of (at least) one of the ve graphs G0 in Fig. 3. In each case
we take H to be the star complement for 1 induced by the white vertices, and consider
the possible H -neighbourhoods of vertices in G outside H . We nd that K3 + K3 is
the only possibility for G when G0 is of type (5), while the graph of type (4) cannot
be extended. If G0 is of type (1), (2) or (3) then each possible H -neighbourhood must
be a singleton and so there are at most two possibilities for G according as there are
four or ve such neighbourhoods. The possibilities are realised by the Petersen graph
and any one of its vertex-deleted subgraphs. We have now conrmed the conclusions
of the Main Theorem in respect of the eigenvalue 1.
4. The case  =−2
Here we could again apply the general method used in Section 3, but there is a
more ecient technique special to the case =−2. Let G be one of the 13 connected
graphs with seven vertices and −2 as an eigenvalue of multiplicity 2, and let G0 be
an n-vertex extension of G with −2 as an eigenvalue of multiplicity n − 5. In each
of the 13 cases, −2 is the least eigenvalue of G and so (by interlacing) −2 is the
least eigenvalue of G0. Accordingly G0 is represented in a line system as dened in
[2, Chapter 3]. Explicitly, if A0 is the adjacency matrix of G0 then A0 + 2I is positive
semi-denite of rank 5 and hence expressible as CTC where C is a matrix of size
5 n.
If C has columns c1; : : : ; cn then cTi cj=2 if i= j, 1 if i  j, 0 if i  j. Without loss
of generality, G has adjacency matrix BTB− 2I where B= [c1jc2j : : : jc7], also of rank
5. By Theorem 3:7 of [2], the lines hc1i; : : : ; hcni lie in A5 or D5 where
A5 = fhei − eji: 06i< j65g;
D5 = fhei  eji: 16i< j65g
and in each case the vectors ei are orthonormal. Each of our graphs G has a repre-
sentation by vectors c1; : : : ; c7 which is unique to within (i) a permutation of the ei,
(ii) an appropriate choice of sign for the ei, (iii) an automorphism of G. For each G
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we can identify the vectors which may be added individually; in each case we nd
that the corresponding vertices can be added simultaneously. In particular, any exten-
sion of 10-235 or 11-364 is an induced subgraph of K3 + K3, and any extension of
13-623, 14-728, 15-782 or 15-783 is an induced subgraph of L(K5). The only exten-
sion of 12-516 is L(K2;4); the unique extensions of 12-555 and 14-749 coincide (see
Fig. 2(ii)); and the only extension of 18-845 is the cocktail party graph 4K2. We have
now conrmed the conclusions of the Main Theorem in respect of the eigenvalue −2,
and the proof of the Theorem is complete.
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